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Abstract 
The present paper introduces the use of voxels embedded in an octree structure in order to numerically simulate 
manufacturing processes. In particular, micro electrical discharge machining (µEDM) is used here as a case study. 
The involved elements (tool and workpiece) are modelized in a volumetric manner using voxels and the process is 
simulated on a step-by step basis. Comparisons using the Hausdorff metric with experimental results are included and 
discussed.  
Keywords: micro, EDM, voxel, simulation, octree. 
1. Introduction
Electrical Discharge Machining (EDM) is a 
manufacturing process where material removal is due 
to successive electrical discharges. Its main interest lies 
in the possibility of machining any conductive material 
regardless of hardness. 
A few variants of EDM are in use but share an 
underlying principle: the tool and the workpiece (or 
electrodes) are immerged in a dielectric fluid and 
submitted to an electrical current. The gap between 
them is reduced until the dielectric reaches its 
breakdown voltage. The current is then free to flow from 
one electrode to the other creating a plasma channel. 
The energy dissipated partly evaporates the tool and 
workpiece leading to the formation of craters.  
Micro-EDM (µEDM) deals with micrometric 
dimensions. The polarity is usually inverted in order to 
alleviate the effects of tool wear: as the process goes 
on, material is removed from the tool, modifying its 
shape. While of manageable consequences in classic 
EDM, the influence of tool wear is most notable in its 
micro counterpart.  
While proven methods exist for µEDM milling [1, 2, 
3] to compensate for the tool wear, die-sinking µEDM
would require the use of multiple tools to obtain the 
desired geometries.   
The ability to predict the location and intensity of 
wear in die-sinking µEDM would enable the design of 
optimal tools able to compensate for the upcoming 
wear and reduce the number of electrodes required for 
a successful machining. 
Until now most modelling works that have been 
conducted focus on the development of single crater (or 
single spark) models in which physical equations are 
used under certain assumptions to determine the shape 
of the resulting craters of a single spark. A few [4, 5, 6] 
have proposed simulation methods of micro-EDM 
usually using a grid of points to model the involved 
geometries. More recently, a method involving z-maps 
[7] has been developed. However there is an  
inherent limitation in the use of height maps which can't 
represent overhangs without resorting to additional 
techniques which isn’t present with voxels. 
Previous research [8] focused on the use of 
NURBS to model the surface of micro-EDM electrodes 
during the process but proved to be slow and prone to 
errors in the case of long simulations. 
Against this background, the aim is to develop a 
new approach for the accurate and fast modeling of 
deformation affecting complex 3D shaped micro 
electrodes. More specifically the present research has 
the following objectives: 
• Design a simulation tool to simulate a complete die-
sinking micro-EDM process using voxels (volumetric 
pixels) as the support geometries. 
• Assess the viability of this method.
2. Voxels and octrees
Voxel stands short for "volumetric pixel" and, as the 
name implies, can be considered as being the three-
dimensional equivalent of pixels. As mentioned before, 
they are used for the representation of three-
dimensional elements. The most common approach is 
to set them in a uniform grid aligned with the coordinate 
axes. Although recent developments have increased 
their use in the computer graphics industry, their 
discrete nature has made them unsuitable for the 
representation of detailed scenes. Consequently, 
voxels have mostly been used in the visualization of 
volumetric data such as in the medical imagery field. It 
is of note that voxels aren’t of a widespread use in the 
manufacturing field. A use of them can be found in the 
simulation of multi-axis CNC machining [9]. 
Octrees are tree data structures in which each 
node can be subdivided into eight children hence the 
name. The main node is designated as the root and a 
non-subdivided node is called a leaf node. The use of 
voxels for the volumetric representation of objects can 
be quite memory-consuming if a decent resolution is 
desired. Embedding voxels in an octree data structure 
drastically reduces the number of voxels required to 
represent said object: large full sections don't need to 
be subdivided into smaller nodes. In addition, their 
hierarchical nature are well suited for parallelization. 
3. A numerical simulation tool
3.1. Overview 
As explained in section 1, µEDM involves two main 
elements: the tool and the workpiece. What is proposed 
in the present paper is to model both of those 
electrodes with voxels embedded in a pointer-based 
octree and use those volumetric representations in 
order to simulate the process. 
The simulation is an iterative process that ends 
when the desired tool movement is achieved. In die-
sinking micro-EDM this usually consists in a simple 
vertical movement from the tool in order to reach a 
specific depth called the objective depth, Dobj. 
An iteration firstly consists in determining the 
locations of the sparks. It is assumed here that the 
spark takes the path of least resistance and therefore 
occurs at the minimum distance between both 
geometries. 
The found minimum distance is then compared to a 
value called the machining gap, Mg to determine if a 
spark can occur. In the case where it is possible for a 
discharge to happen, a crater is added to each of the 
electrodes via the removal of predetermined volumes Vt 
and Vw on the tool and the workpiece. 
If no spark can take place, the tool is moved down with 
an increment of Δz. 
 The process is repeated until a total vertical 
movement Dobj is achieved. Two main sub-algorithms 
can be identified and are further detailed in the 
following sections. 
3.2. Distance computations 
 During the simulation of the micro-EDM process, 
the electrical discharge is supposed to take place at the 
smallest distance between both electrodes. 
This section deals with the search of the minimal 
distance between two disjoint octrees. In addition, both 
of those are axis-aligned. The presented method is 
based on [10] with the addition of some fast exit 
conditions. The pseudocode is as follows: 
MinimumDistance(tool, workpiece, levels, gap) 
current = 0, done = false 
candidates = toolRoot, workpieceRoot 
smallestMaximum = upperDistanceBound(tool, Root) 
if(lowerDistanceBound(tool, workpiece) > gap)  
              return null 
while(!done && current < levels) 
nextCandidates = Candidates(candidates, 
levels, gap, ref smallestMaximum, ref done) 
if(nextCandidates == null) return null 





Candidates(candidates, levels, gap, ref 
smallestMaximum, ref done) 
foreach(couple in candidates) 
output = null 
if(coupleAreLeaves && lowerBound 
      <gap) return couple 
foreach(children1 of couple.item1) 
foreach(children2 of couple.item2) 
if(maximum < machiningGap) 
        done = true 
        output.Clear 
        output.Add(children1, children2) 
        return output 
if(upperBound(children1, children2) <
     smallestMaximum) 
smallestMaximum = upperBound(children1, 
children2) smallestMaximum = upperBound(children1, children2)
if(minimum <= smallestMaximum && minimum 
       <= machiningGap) 
        output.Add(children1, children2) 
return output foreach(children2 of couple.item2)
Several other minimization algorithms have been 
tested and the results tabulated in table 1. 
Table 1 
Computation times and found distances for several 
optimization methods. 
Method Octree PSO DE MOL 
Avg time (ms) 3.25 23.96 102.60 75.47 
Avg distance (µm) 19.95 18.54 19.12 18.12 
The algorithms were all tested on the same scenario, 
the machining of a 100µm spherical hole with a gap of 
20µm. The particle swarm optimization, differential 
evolution and many optimizing links methods were 
previously optimized through meta-optimization. 
Genetic algorithms were tested since they are 
commonly used for the search of a minimum distance 
between potentially concave objects. The octree 
hierarchical search method (13 levels) severely 
outperforms the others. While the average distance 
found is higher than the others, it is indicative of the fact 
that genetic algorithms have a hard time finding the 
boundaries of the volumes due to their complexity and 
require the tool to be often prematurely moved down. 
The gradient descent was tested but often lead to the 
intersection of the volumes due to repeated local 
minima being found. 
3.3. Volume removal 
The locations of the discharge determined, the 
simulation must now proceed to the removal of voxels 
in order to mimic the presence of a crater. 
Fig.1. Single crater at a resolution of one voxel per 125 nm. 
It is hypothesized that each spark removes the same 
volume Vt and Vw on the tool and the workpiece. 
Moreover, the material removal process must subtract 
the volume in a manner that is identifiable as a crater. 
The literature suggests that the shape of the craters 
resulting from the micro-EDM process is ellipsoidal in 
nature [11]. While possible to implement, the use of a 
sphere as an approximation of an ellipsoid yields 
acceptable results with increased speed. A crater is 
considered here as a spherical cap of radius cri and 
depth cdi of a volume Vci (where i=t for the tool and i=w 
for the workpiece). 
Vci = πcdi(2cri²+cdi²) / 6 (1)	
The support sphere radius is: 
Ri = (cdi² + cri²) / (2cdi²) (2)	
Similarly to the distance algorithm, the volume 
removal algorithm searches the octrees in a top-down 
manner keeping only nodes that intersect with the 
sphere and deleting those that are inside. The 
intersection test is made by finding the smallest cubed 
distance d between a cube and a point and comparing 
it to Ri². The intersection test returns true if: 
d ≤ Ri² (3)	
4. Experimental validation
4.1. Overview 
In order to validate the numerical simulation tool 
presented in the previous sections as well as fine-
tuning its parameters, an experimental validation 
process needs to be conducted. In order to achieve 
this, two different tool shapes have been devised as 
can be seen in figure 2 and realized using wire-EDM. 
The spherical tool has a diameter of 246 µm while the 
triangular tool has a side size of 64 µm. Before being 
used in a machining process, those tools have been 
measured with the use of a micro-tomograph of a 
resolution of a micron [12, 13]. This measurement 
methodology enables the modelling of the physical 
tools as three-dimensional meshes that can be 
exported in the simulation tool and converted as voxels 
embedded in an octree data structure using an adapted 
method from [14].  
A comparison of a three-dimensional mesh and the 
resulting solid voxelisation can be observed in figure 2. 
Using the same measurement method, the tools as well 
as the holes are measured again after the machining 
process and subsequently compared to the simulation 
results. 
4.2. Experimental parameters and results 
The experiments were conducted on a Sarix SX-
200 micro-EDM machine using tungsten carbide as a 
material for the tool and aluminium for the workpiece. 
Two features were machined with the machining 
parameters in table 2. 
Those parameters were chosen in respect with the 
dimensions of the features to be machined as well as to 
ease the corresponding simulations. At the present 
hour, simulating the removal of small craters 
(dimensions smaller than a micron) dramatically 
increases the required voxel resolution for the 
simulated craters to have a clearly defined shape and 
consequently the memory usage and computation time. 
A depth of 100 µm is set for the machining 
operations across all four tools. This depth was 
selected in order to provide a noticeable wear on the 
tool without completely destroying the features on it. 
Fig. 2. Meshed models of the tools and their voxelized 
counterparts at a resolution of 0.5 voxel per micron.  
Fig. 3. Tool and features obtained after machining. 
Fig. 4. Spherical feature obtained by simulation (left) and 
detail of the craters (right). 
Experimental results are visible in figure 4. 
Table 2 
Experimental parameters. Unitless parameters are 




Voltage (V) 90 
Frequency (Hz) 100 




Tool crater radius (µm) 6.20 
Tool crater depth (µm) 4.39 
Workpiece crater radius (µm) 6.65 
Workpiece crater depth (µm) 4.42 
Machining gap (µm) 3.01 
Objective depth (µm) 100 
4.3. Simulation parameters and results 
The crater geometrical information in table 3 was 
obtained from the experimental results, directly on the 
3D meshes. Contrarily to what is seen in figure 2, only 
a part of the tools were voxelized in order to achieve a 
Fig. 5. Hausdorff distance maps 
higher resolution of 1 voxel/micron. The simulation was 
performed on a PC with a core i5 processor at 3.4Ghz 
and lasted 2 hours and 12 minutes. 
4.4. Experimental and simulation comparison 
 The comparison of experimental and simulated 
results is made by using the voxel octrees of the 
electrodes after machining and after the simulation.  
  A tool designed to compare meshes, Metro [15], 
was used to  compute the Hausdorff distance between 
two meshes. The Hausdorff distance between two sets 
of points X and Y is:  
dH(X,Y)=max{sup inf d(x,y), sup inf d(x,y)} 
x∈X   y∈Y                    y∈Y  x∈X
(4)	
 Where d is the Euclidian distance function in the 
present case. The results of the Hausdorff filter are 
tabulated in table 4 and a visual representation of the 
meshes’ differences is visible in figure 5. 
Table 4 
Hausdorff distances. (WP: Workpiece). 
Sphere Triangle 
WP Tool WP Tool 
dH min (µm) 0.00 0.00 0.00 0.00 
dH max (µm) 12.86 8.59 8.44 2.39 
dH mean (µm) 0.84 1.13 0.73 0.86 
dH RMS (µm) 1.53 1.61 1.48 0.99 
5. Conclusion and future works
Considering the variability of the micro-EDM 
process, the accuracy offered by the presented method 
can be concluded as being good with a Hausdorff 
distance RMS value under two microns. Some big local 
differences are noticeable and are due to re-solidified 
debris that the simulation does not account for.  
In order to generalize the present work and not 
limit it to a specific combination of materials machined 
on a specific machine, direct data collection of spark 
energies is required in order to build a database and 
predictive methods to be used to feed the simulation 
tool with the correct parameters. 
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